We discuss the application of the solitonic techniques to the 5D EinsteinMaxwell gravity. As an illustration we construct an exact solution describing two concentric rotating dipole black rings. The properties of the solution are investigated.
Introduction
The black holes in higher dimensions are attracting a lot of interest and now the higher dimensional gravity is a rapidly growing area of research. The black hole solutions in higher dimensions demonstrate very interesting properties and features absent in four dimensions. In spacetimes with number of dimensions greater than four the black objects are no longer uniquely determined by the conserved asymptotic charges. A lot of research was devoted to the black holes in five dimensions where many interesting and important from theoretical point of view exact solutions were found and analyzed [1] - [29] . The accumulation of exact solutions naturally raises the question of the classification of the black solutions. Some basic results in the classification of the black holes solutions in five dimensions were recently obtained in [30] and [31] for vacuum Einstein and a certain sector of the Einstein-Maxwell gravity. It is worth noting that as a byproduct of the horizon topology classification theorem given in [30] a new type of possible asymptotically flat 5D black objects was predicted-the so-called black lenses i.e. black objects whose horizon topology is that of a lens space. The black lenses must have two angular momenta and most probably could be constructed by using solitonic techniques.
In the present paper we discuss the application of the solitonic techniques in the 5D Einstein-Maxwell gravity. For the vacuum case the application of the solitonic techniques to the 5D stationary, axi-symmetric gravity was discussed in [6] - [11] . It was shown in [15] that there is a completely integrable sector in 5D Einstein-Maxwell gravity and the corresponding Lax pair was explicitly found which opens the way to applying the inverse-scattering method [32] . This sector namely will be considered here in the context of the solitonic Backlund transformations. Following [15] we reduce the stationary, axi-symmetric Einstein-Maxwell equations to two effective four-dimensional problems. More precisely the 5D Einstein-Maxwell equations are reduced to two Ernst equations which allows us to apply the solitonic techniques to the considered sector of the 5D Einstein-Maxwell gravity. As an explicit illustration of the solitonic techniques we construct an exact solution to the 5D Einstein-Maxwell equations describing concentric rotating dipole black rings.
Solitonic transformations
In five dimensions the Einstein-Maxwell equations read
In this paper, following [15] we consider 5D EM gravity in spacetimes with three commuting Killing vectors: one timelike Killing vector T = . We also assume that the Killing vector K φ = ∂ ∂φ is hypersurface orthogonal. In this case the 5D spacetime metric can be written in the form
where all the metric functions depend on the canonical coordinates ρ and z only. It is useful to introduce the so-called twist potential f defined by the equations
We also make the following (local) ansatz for the gauge potential 1-form A, namely
Further we introduce the two complex Ernst potentials E 1 and E 2 defined by
With the help of the Ernst potentials the dimensionally reduced 5D EinsteinMaxwell equations can be written in the following form
In this way we reduced the problem of solving the 5D EM equations to two effective 4D problems i.e. two Ernst equations. The central and most difficult task is to solve the nonlinear Ernst equations. Fortunately there are mathematical techniques developed in the 4D gravity which can be applied to the Ernst equation. Here we apply the solitonic Neugebauer [33] or Hoenselaers-Kinnersley-Xantopoulos [34] transformation (see also [35] ).
In order to facilitate the reader we shall briefly describe the Neugebauer 2N-soliton transformation. More details can be found in [33] , [34] , [35] . Let us consider a real seed solution E 0 of the Ernst equation given by
where χ 0 is a harmonic function of the canonical coordinates ρ and z. Then a new solution to the Ernst equation corresponding to adding 2N solitons to the seed background is given by
where
k p are real constants and p = 1, 3, ..., 2N − 1, q = 2, 4, ..., 2N. The functions α p are defined by
where µ p are constants and Φ p is a solution of the Riccati equation
with ζ = ρ + iz. In this paper we will consider seed potentials of the form
where ε i and ν i are constants andŨ ν i is defined bỹ
For the described seed function the solution of the Riccati equation is
where U kp is defined by
Here we will be interested in the 2-soliton transformation. The 2-soliton Neugebauer transformation applied to the seed E 0 = e 2χ 0 is equivalent to the 2 rankzero Hoenselaers-Kinnersley-Xantopoulos transformations applied however to the seed E 0 = e 2χ 0 whereχ
and ∆k = k 1 − k 2 . Once having solutions to the Ernst equations we must find the metric function Γ. In order to do so it is convenient to introduce the auxiliary functionsΓ i defined by the equations
As a consequence we have
The functionsΓ can be found as follows. Consider a solution E to the Ernst equation corresponding to the seed e 2χ 0 such that
Then the functionΓ is given by
where C is a constant and H is a solution to the linear system
For seed functions of the form (26) the function H is given by
3 Concentric rotating dipole black rings
In order to illustrate the application of the solitonic techniques to the 5D EinsteinMaxwell gravity we shall construct an exact solution describing two concentric rotating dipole black rings. In order to generate such a solution we need an appropriate seed solution. The natural choice is the seed solution for the vacuum black di-ring [21] . This solution is given by the following metric functions
where ν i are constants. At this stage the parameters ν i are arbitrary. Physical restrictions and bounds on these parameters will be imposed a little later. Let us first consider the Ernst equation for E 2 . This equation can be solved by the Neugebauer 2-soliton transformation applied to the seed Ernst potential E 0 2 = e 2χ 0 . The parameters of the solitonic transformation will be denoted by l 1 , l 2 ,α andβ. In explicit form the solution is given by
where C ω is a constant,
and the functions a and b are defined by
In order to solve the first Ernst equation we applied the Neugebauer 2-soliton transformation to the background E 0 1 = e u 0 . Denoting the soliton transformation parameters by
where A 0 φ is a constant and W 1 and W 2 are given by
The functions a ′ and b ′ are given by
In this way we have constructed an exact solution to the 5D Einstein-Maxwell equations. It is useful to present the metric of the found solution in more concise and tractable form. For this purpose we shall introduce the following function Ω defined by
The 5D metric then can be written in the form
where the 5D metric
is a solution to the 5D vacuum Einstein equations generated from the seed (26) and the functions g E ρρ and Y are given by
where C 2 and Y 0 are constants. The constant Y 0 can be chosen such as the vacuum Einstein solution (40) to be recovered for k 1 = k 2 , namely
It is worth mentioning that this choice is consistent with the asymptotic flatness as we will see in the next section. Let us give the explicit form of the function H 1 − 1 3
Ω and H 2 + Ω which can be easily found from the formulas presented above
Clearly, in the limit ∆k → 0 our Einstein-Maxwell solution reduces to the vacuum solution (40). Let us note that the above Einstein-Maxwell solution can be also generated as a non-linear superposition of two solutions (40) with appropriate parameters by using the solution generating method presented in [15] and this could be easily checked.
Analysis of the solution
Since the solution is invariant under the shifts in z-direction we can choose, without loss of generality, l 1 = σ and l 2 = −σ (∆l = 2σ). This can be achieved just by performing the shift z → z + z 0 , where z 0 = 1 2 (l 1 + l 2 ). The translated parameters ν i ,k i will be denoted as follows
We also define the new parameters α, β and α
In this parametrization the vacuum Einstein solution (40) coincides with the IguchiMishima solution [21] . From now on we will work with the parametrization given by (46) and (47).
The overall investigation of the solution shows that we must chose the following ordering of the parameters
in order for the solution to describe concentric rotating dipole black rings. The careful investigation of the functions W and Y shows that they have potential singularities at z = k 1 and z = k 2 . In order to eliminate these singularities from W and Y we must impose the following constraints
In order to eliminate the potential singularities in g E 00 at z = σ and z = −σ we must impose the constraints
which coincide with those imposed in [21] .
Asymptotic behaviour
In order to study the asymptotic behaviour of the solution we introduce the asymptotic coordinates r and θ defined by
In this coordinates the asymptotic behaviour of metric functions is the following
For the gauge potential we find
Here we choose
and the gauge potential has the standard dipole asymptotic behaviour A φ ∼ cos 2 θ/r 2 . In order that our solution be asymptotically flat we must impose the following conditions
The first two conditions coincide with the conditions derived in [21] while the third condition is consistent with the condition (43). In what follows we shall show that the periodicities of the angles φ and ψ can be chosen to be the canonical ones ∆φ = ∆ψ = 2π and as a consequence we find that the spacetime described by our solution is indeed asymptotically flat.
Rod structure and balance conditions
The rod structure is shown in the figure and is described as follows.
* Semi-infinite rod [λσ, +∞) which is a source of the ψψ part of the metric. In order to eliminate the possible conical singularities at the location of the rod the coordinate ψ must be periodic with a period ∆ψ Rod[λσ,+∞) = 2π lim 
For the first finite rod the regularity condition fixes the period
. (63) The regularity condition for the second finite rod gives
The balancing conditions are
The parameters can be adjusted so that the balancing conditions be satisfied.
Horizons
There are two horizons located at ρ = 0 for z ∈ [η 1 σ, η 2 σ] and z ∈ [δ 1 σ, δ 2 σ]. Both horizons have S 2 × S 1 topology. The first horizon corresponds to the outer black ring and the second to the inner black ring.
Outer black ring horizon
The area of the horizon is
The temperature of the horizon can be calculated via the surface gravity. There is alternative way to find the temperature by using the formula derived in [30] . This formula relates the length l h of the horizon rod with the surface gravity κ and area of the horizon, namely
In our case, this formula gives
The angular velocity of the horizon is given by
Inner black ring horizon
The temperature of the horizon is
For the angular velocity we find
4.4 Masses, angular momenta and dipole charges
ADM mass and angular momentum
The ADM mass 1 and angular momentum can be found from the asymptotic behaviour of the metric (54) which gives
One can show that the ADM mass is non-negative for parameters satisfying the bounds (48).
Komar mass and angular momentum
As well-known the Komar mass and angular momentum are defined by the integrals
whereξ andK ψ are 1-forms dual to the timelike Killing vector ξ and the spacelike Killing vector K ψ . Here ∂Σ is a boundary of any spacelike hypersurface Σ. From a physical point of view the Komar integrals measure the mass and angular momentum contained in ∂Σ. When ∂Σ is a three-sphere at infinity the Komar integrals coincide with the ADM mass and angular momentum of an asymptotically flat spacetime. When dealing with multi-horizon configurations the Komar integrals evaluated on the horizon cross sections are of special interest since they give the "intrinsic" mass and angular momenta characterizing the black objects in the considered spacetime geometry. These quantities for the black rings in our case are the following
Dipole charges
The dipole charge associated with the 2-sphere of the horizon H i is defined by
For our solution we find
where Q 1 and Q 2 are the dipole charges for the outer and the inner black ring, respectively. The dipole charges for the balance dipole black di-ring can vanish only in the limit when the length of the corresponding horizon rod becomes zero. In other words, our solution does not allow a case when only one of the black rings is charged. Physically this is explained by the fact that the dipole magnetic field of each black ring induces dipole charge on the other.
Dipole potential
Let us consider the dual field H defined by
One can show that there exists a 2-form B such that
Fortunately, the 2-form B can be found in explicit form and it is given by
where C B is a constant. Here we fix the constant by requiring B tψ to be zero at spacial infinity which gives
Further we can define the dipole potentials on the black ring horizons as follows
Comparing this to the Smarr-like relations we find
As a consequence we obtain the first law
Ergosurfaces and closed timelike curves
The preliminary investigation shows that probably there are ergosurfaces for both of the black rings. Unfortunately the solution is too complicated and explicit analytical description is not possible. Careful investigation of the behaviour of the metric shows that there are no closed timelike curves and the solution is free from causal pathologies.
Non-uniqueness and uniqueness
The dipole di-ring solution depends on six independent parameters. Two of them can be fixed by fixing the conserved asymptotic charges, namely the mass and the angular momentum. Therefore the solution exhibits four-fold continuous non-uniqueness. It is interesting to consider this solution in the spirit of the uniqueness theorems proven in [30] and [31] . It is not so difficult to extend the theorems of [30] and [31] to the case of multi-horizon solutions. Then, in the spirit of such an extension, we should expect that our solution is uniquely determined by the rod structure, the mass M, angular momentum J and the dipole charges Q 1 and Q 2 .
Limits of the solution
Let us consider the limits of the balanced dipole di-ring. By removing the outer or the inner black ring from the configuration we obtain a single dipole black ring. The formal procedure is to take the limit in which the corresponding horizon rod length goes to zero. As one can see these limits are completely regular. One can show that there is no regular limit of a merge of the black rings. An interesting question is whether the dipole black Saturn [26] (and the vacuum black Saturn [19] as a particular case) could be obtained from the dipole di-ring in the limit when the length of the finite rod [δ 2 σ, λσ] tends to zero. The careful investigation shows that this limit is singular for the balanced black di-ring and the black Saturn can not be obtained as a limit of the balanced black di-ring.
Physical effects
The exact solution we have constructed here is too complicated and the complete study of the physics of the dipole di-ring certainly requires numerical calculations. There are however some particular cases which are tractable and which can help us to see interesting physical effects. Below we consider two particular cases which can be worked out analytically. The first case we shall consider is η 2 = 1. Let us note that this case is completely regular. For the considered value of the parameter η 2 we find
,
In the case under consideration the inner black ring is rotating Ω h 2 = 0 despite having zero angular momentum, J K 2 = 0. This is a frame-dragging effect which is also observed for the black Saturn [19] . The rotating outer black ring drags the spacetime around it and as a consequence the inner black ring rotates too despite having no intrinsic angular momentum.
The second case we will consider is when η 1 = −1. From the general expressions for the physical quantities we obtain
Here the angular velocity of the inner black ring vanishes, Ω h 2 = 0, while its intrinsic angular momentum is non-zero, J K 2 = 0. In this case the black rings are counterrotating such as the intrinsic angular momentum of the inner black ring cancels the effect of the dragging by the outer black ring.
Conclusion
In this paper we have discussed the application of the solitonic techniques to a certain completely integrable sector of the 5D Einstein-Maxwell gravity. We have reduced the 5D stationary, axi-symmetric Einstein-Maxwell equations to two Ernst equations. This reduction allows us to adapt the solitonic techniques developed in four-dimensional gravity to five dimensions and to construct systematically exact solutions to the considered sector of the 5D Einstein-Maxwell gravity . The application of the solitonic techniques was demonstrated by explicitly constructing the exact solution which describes two concentric rotating black rings with dipole charges (the dipole black di-ring). The basic quantities characterizing the solution have been computed and some basic properties of the dipole di-ring have been discussed. The calculated physical quantities open the way to thoroughly studying the physics of the vacuum and dipole di-ring.
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